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Debye screening and the Meissner effect in a two-flavor color superconductor
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I compute the gluon self-energy in a color superconductor with two flavors of massless quarks, where
condensation of Cooper pairs breaksSU(3)c to SU(2)c . At zero temperature, there is neither Debye screening
nor a Meissner effect for the three gluons of the unbrokenSU(2)c subgroup. The remaining five gluons attain
an electric as well as a magnetic mass. For temperatures approaching the critical temperature for the onset of
color superconductivity, or for gluon momenta much larger than the color-superconducting gap, the self-energy
assumes the form given by the standard hard-dense loop approximation. The gluon self-energy determines the
coefficient of the kinetic term in the effective low-energy theory for the condensate fields.

PACS number~s!: 12.38.Mh, 24.85.1p
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I. INTRODUCTION

Single-gluon exchange between two quarks is attractiv
the color antitriplet channel. Therefore, sufficiently cold a
dense quark matter is a color superconductor@1,2#.

In some aspects, color superconductivity is similar to
dinary~BCS! superconductivity@3,4#. For instance, like elec
trons in a BCS superconductor, quarks form Cooper pairs
zero temperature,T50, the ground state of the system is n
longer a Fermi sea of quarks~and a Dirac sea of antiquarks!,
but a Bose condensate of quark Cooper pairs. In the nor
phase the excitation of a particle-hole pair at the Fermi s
face costs no energy. In the superconducting phase, how
exciting a quasiparticle–quasiparticle-hole pair costs at le
an energy 2f0, wheref0 is the zero-temperature gap. An
other similarity between color and BCS superconductivity
that, in weak coupling, the critical temperatureTc for ‘‘melt-
ing’’ the Cooper pair condensate isTc.0.57f0 @5,6#.

There are, however, also fundamental differences betw
color and BCS superconductivity. First of all, a BCS sup
conductor requires the presence of an atomic lattice w
phonons that cause electrons to form Cooper pairs. On
other hand, in QCD gluons themselves cause quarks to
dense. Another difference is that in BCS theory the ze
temperature gap depends on the BCS coupling constantG as
f0;m exp(2cBCS/G2) @3,4#, wherem is the chemical po-
tential, andcBCS5const, while in a color superconducto
f0;m exp(2cQCD/g) @7,8#, whereg is the QCD coupling
constant, andcBCSÞcQCD5const.

The physical reason for the change in the parametric
pendence on the coupling constant is that, because gluon
massless, gluon-mediated interactions are long-range, in
trast with BCS theory, where phonon exchange is typica
assumed to be a pointlike interaction@3,4#. The long-range
nature of gluon exchange manifests itself in the infrared s
gular behavior of the gluon propagator. This enhances
contribution of very soft, collinear gluons in the gap equ
tions @5,6#, and causes the 1/g in the exponent, instead of
1/g2 which would appear if gluons were massive@9#, or
gluon exchange a pointlike interaction as assumed
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Nambu–Jona-Lasinio-type approaches to color supercon
tivity @2#.

Some care has to be taken in determining the coeffic
cQCD. This constant differs when one uses the free glu
propagator@10# in the solution of the gap equations inste
of a propagator which takes into account the presence of
cold and dense quark medium. By now, several auth
@5,6,11–14# have confirmed Son’s original resultcQCD

53p2/A2 @8#, obtained by using the gluon propagator in t
so-called ‘‘hard-dense-loop’’~HDL! limit @15,16#. The gluon
propagator in the HDL limit is obtained by resummation
the gluon self-energy, computed to one-loop order for glu
energiesp0 and momentap that are much smaller than th
quark chemical potentialm.

In weak coupling, the temperatures where quark matte
color-superconducting are much smaller than the qu
chemical potential,T;f0;m exp(2cQCD/g)!m. There-
fore, to leading order the contributions of gluon and gh
loops to the one-loop gluon self-energy can be neglec
and the main contribution comes from the quark loop. This
very similar to ordinary superconductivity, where the on
loop photon self-energy is determined by an electron loo

In the standard HDL approximation, however, the qua
excitations in the loop are considered to be those of the n
mal and not of the superconducting phase. This is in p
ciple inconsistent. The aim of the present work is to ame
this shortcoming and to compute the gluon self-energy in
color-superconducting phase.

For the sake of definiteness, I consider a color superc
ductor with Nf52 flavors of massless quarks, and assu
that quarks condense in a channel with total spinJ50 and
even parity. In this case, the quark-quark condensate br
SU(3)c to SU(2)c . Consequently, one expects that the thr
gluons of the unbrokenSU(2)c subgroup remain massles
while the other five gluons of the originalSU(3)c obtain
masses through the Anderson-Higgs mechanism. It is th
fore necessary to consider different gluon colors separat

I derive a general expression for the quark contribution
the gluon self-energy, and study the limit where the glu
energyp050 and the gluon momentump→0. For electric
gluons, this limit gives the Debye mass, while for magne
gluons, it gives the Meissner mass. I also consider the li
wherep050, but p@f0. In this case, the gluon momentum
©2000 The American Physical Society07-1
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is large enough to resolve individual quarks in a Cooper p
consequently, the Debye masses approach their values i
normal phase and the Meissner effect vanishes.

Debye screening of static color-electric fields and
Meissner effect for static color-magnetic fields are in pr
ciple quite analogous to Debye screening and the Meis
effect for electromagnetic fields in ordinary superconduct
@3,4#. However, the somewhat more complicated color a
flavor structure of a quark-quark condensate in compari
to an electron-electron condensate gives rise to an additi
degree of complexity. While studying these effects in a co
superconductor is interesting in itself, they might have, ho
ever, far greater implications for color superconductiv
than the corresponding effects in ordinary superconduct
unlike photons, gluons themselves are responsible for c
densation of quark pairs. The modification of the gluon se
energy in the superconducting phase directly enters the
equation through the gluon propagator, and so might cha
the value for the gap. On the other hand, the influence of
photon self-energy on electron condensation is at be
higher order effect.

Although effects from quark condensation in the glu
propagator vanish for large gluon energies and momenta,
cana priori not exclude that they will not change the sol
tion of the gap equations. For instance, to assess the im
tance of the Meissner effect, note that, in the HDL appro
mation, the main contribution to the gap equations com
from color-magnetic fields with momentap;(mg

2 f0)1/3

@f0, wheremg is the gluon mass@5,6,8,12#. As will be seen
below, the Meissner effect is small, but not absent, at
same momentum scale. This means that the Meissner e
can indeed influence the solution of the gap equation. A fi
estimate of this effect~neglecting the color-flavor structur
of the condensate and considering only the dominant co
bution to the gluon self-energy! was given in@17#, and a
reduction of the zero-temperature gap was found.

This paper is organized as follows. In Sec. II a comp
derivation of the quark contribution to the gluon self-ener
is presented, mainly to introduce the notation and the c
cept of Nambu-Gor’kov spinors@4#, which considerably sim-
plify calculations at nonzero chemical potential. In Sec.
the quark contribution to the gluon self-energy is explici
computed in the normal phase. The HDL limit is derived
show that the Nambu-Gor’kov method indeed gives the c
rect answer. Section IV generalizes the previous result
the superconducting phase. In Sec. V, the zero-energy, z
momentum limit of the gluon self-energy is studied, whi
yields the Debye as well as the Meissner masses in the
perconducting phase. Section VI discusses how, for non
gluon momentap@f0, the Debye masses approach th
values in the normal phase, and the Meissner effect vanis
Readers not interested in technical details should skip S
II to VI and move on to Sec. VII, where the main results
this work are summarized, conclusions are drawn, and
outlook for future studies is given.

I use natural units,\5c5kB51, and work in Euclidean
space-timeR4[V/T, whereV is the volume andT the tem-
perature of the system. Nevertheless, I find it convenien
retain the Minkowski notation for 4-vectors, with a metr
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tensorgmn5diag(1,2,2,2). For instance, the space-tim
coordinate vector isxm[(t,x), t[2 i t, wheret is Euclid-
ean time. 4-momenta are denoted asKm[(k0 ,k), k0
[2 ivn , where vn is the Matsubara frequency,vn
[2npT for bosons andvn[(2n11)pT for fermions, n
50,61,62, . . . . Theabsolute value of the 3-momentumk
is denoted ask[uku, and its direction ask̂[k/k.

II. THE GENERATING FUNCTIONAL AT NONZERO
CHEMICAL POTENTIAL

Consider QCD withNf quark flavors, at nonzero chemica
potential. TheNf3Nf matrix of quark massesmf will be
denoted asm[diag(m1 ,m2 , . . . ,mNf

). Let us consider a
color neutral system, i.e., there is no chemical potential
color, however, there can be in general a chemical poten
m f for each quark flavorf. Let us denote theNf3Nf chemi-
cal potential matrix asm[diag(m1 ,m2 , . . . ,mNf

). Then, the
generating functional for theN-point functions of the theory
reads~normalization factors are suppressed!

Z@J,h̄,h#5E DU@A#expF E
x
~LA1Jm

a Aa
m!GZ@A,h̄,h#,

~1a!

Z@A,h̄,h#5E Dc̄ Dc expH E
x
@c̄~ igm]m1mg02m

1ggmAm
a Ta!c1h̄c1c̄h#J . ~1b!

Here,DU@A# is the gauge invariant measure for the integ
tion over the gauge fieldsAa

m . The space-time integration i
defined as*x[*0

1/Tdt*Vd3x. g is the QCD coupling con-
stant,gm are the Dirac matrices, andTa5la/2 the generators
of SU(Nc); for QCD, Nc53, and la are the Gell-Mann
matrices. The quark fieldsc ~as well as the external fieldsh)
are 4NcNf-component spinors, i.e., they carry Dirac indic
a51, . . . ,4, fundamental color indicesi 51, . . . ,Nc , and
flavor indicesf 51, . . . ,Nf . The Lagrangian for the gaug
fields consists in general of three parts,

LA5LF1Lgf1LFPG , ~2!

where

LF52
1

4
Fa

mnFmn
a ~3!

is the gauge field part,Fmn
a 5]mAn

a2]nAm
a 1g fabcAm

b An
c is

the field strength tensor. The parts corresponding to ga
fixing, Lgf , and to Fadeev-Popov ghosts,LFPG , need not be
specified: it will be seen that they are inconsequential for
following.

In the vacuum, the ground state of the system consist
the Dirac sea, i.e., all negative energy~antiquark! states are
occupied, while all positive energy~quark! states are empty
At zero temperature and nonzero chemical potential,m f.0,
7-2
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however, the ground state consists of the Dirac seaand the
Fermi sea, i.e., positive energy states which are occupie
to the Fermi energym f . Formally, this is expressed by th
term c̄mg0c in the generating functional~1b!, which en-
sures that the energy of excited states of flavorf is measured
with respect to the Fermi energym f , and not with respect to
the vacuum at zero density.

This shift of the energy scale introduces an appar
asymmetry. One can restore the symmetry by the follow
trick. IntroduceM identical copies~‘‘replicas’’ ! of the origi-
nal quark fields. All copies are supposed to interact with
gluon field in the same way. At the end, after having co
putedN-point functions for this extended system,M will be
set equal to 1. The generating functional~1b! for the quark
part is replaced by

Z@A,h̄,h#→ZM@A,h̄,h#[~Z@A,h̄,h#!M. ~4!

Now define the charge conjugate spinorscC , c̄C through

c[C c̄C
T , c̄[cC

T C, ~5!

where C[ ig2g0 is the charge conjugation matrix;C
52C2152CT52C†. In half of theM copies in Eq.~4!,
replacec̄, c by the charge conjugate spinorsc̄C , cC . Using
CgmC2152gm

T , and the anticommutation property of th
~Grassmann-valued! quark spinors, one obtains after an int
gration by parts~and disregarding the overall normalizatio!

ZM@A,h̄,h,h̄C ,hC#

5S E Dc̄ Dc Dc̄C DcC

3expH E
x
@c̄~ igm]m1mg02m1gAm

a Ga
m!c

1c̄C~ igm]m2mg02m1gAm
a Ḡa

m!cC

1h̄c1c̄h1h̄CcC1c̄ChC#J D M /2

. ~6!

Here,

Ga
m[gmTa , Ḡa

m[C~gm!TC21Ta
T[2gmTa

T , ~7!

and charge conjugate external fieldsh̄C andhC were defined
analogous to Eq. ~5!. Let us now introduce the
8NcNf-component~Nambu-Gor’kov! spinors

C[S c

cC
D , C̄[~c̄, c̄C!, H[S h

hC
D , H̄[~h̄, h̄C!,

~8!

and the 8NcNf38NcNf-dimensional inverse propagator

S 0
21~x,y![S @G0

1#21~x,y! 0

0 @G0
2#21~x,y!

D , ~9!
03400
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where

@G0
6#21~x,y![2 i ~ igm]x

m6mg02m!d (4)~x2y! ~10!

is the inverse propagator for non-interacting quarks~upper
sign! or charge conjugate quarks~lower sign!, respectively.
Furthermore, denote

Ĝa
m[S Ga

m 0

0 Ḡa
mD . ~11!

Then, the generating functional~6! can be written in the
compact form

ZM@A,H̄,H#

5E )
r 51

M /2

DC̄ r DC rexpH (
r 51

M /2 F E
x,y

C̄ r~x!S 0
21~x,y!C r~y!

1E
x
~g C̄ r Am

a Ĝa
m C r1H̄rC r1C̄ rHr !G J . ~12!

In this form, all reference to the chemical potentialsm f has
been absorbed in the inverse propagator~9!. Therefore, the
generating functional for QCD, Eq.~1a! with Eq. ~12!, is
formally identical to that at zero chemical potential. The a
parent asymmetry introduced by a nonzero chemical po
tial m f has been restored by the introduction of charge c
jugate fields; the associated charge conjugate propagatoG0

2

appears on equal footing with the ordinary propagatorG0
1 .

III. THE GLUON SELF-ENERGY IN THE NORMAL
PHASE

The gluon self-energy is defined as

P[D212D0
21 , ~13!

whereD21 is the resummed andD0
21 the free inverse gluon

propagator; for instance, in momentum space and in cov
ant gauge,

@D0
21#ab

mn~P!5dabS P2gmn1
12a

a
PmPnD . ~14!

To one-loop order, the gluon self-energy receives contri
tions from gluon loops~through the 3-gluon and 4-gluo
vertices!, ghost loops~through the ghost-gluon vertex!, and
quark loops~through the quark-gluon vertex!,

P5Pg1PFPG1Pq1O~g3!. ~15!

Pg and PFPG are independent ofm, effects from nonzero
chemical potential enter only throughPq . For dimensional
reasons,

Pg , PFPG;g2T2, Pq;g2~m21a T2!, ~16!

with some constanta.
7-3
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The superconducting condensate melts when the temp
ture T exceeds the critical temperatureTc.0.57f0 @5,6#,
wheref0 is the magnitude of the superconducting gap aT
50. In weak coupling QCD,f0;m exp(2cQCD/g)!m
@5–8,11–14#, and temperature effects can be neglected
leading order. This means that, for the temperatures of in
est in this work, one can neglect the contributions from glu
and ghost loops to the gluon self-energy, and consider
quark contribution only,P.Pq .

Due to the aforementioned similarity between the gen
ating functional~1a!, with the quark part~12!, and the one at
zero chemical potential, it is not difficult to derive the qua
contribution to the one-loop gluon self-energy. If there is
superconducting condensate, this contribution is

P0ab
mn~x,y![

M

2
g2 Trs,c, f ,NG@Ĝa

m S0~x,y! Ĝb
n S0~y,x!#. ~17!

Here, the factorM /2 arises from the fact that there areM /2
identical species of quarks described by spinorsC r in Eq.
~12!, which contribute to the gluon self-energy. In the fo
lowing, setM51, to recover the original theory. The trace
Eq. ~17! is taken over 4-dimensional spinor spac
Nc-dimensional color space,Nf-dimensional flavor space
and the 2-dimensional space of regular and charge-conju
spinors~Nambu-Gor’kov space!.

In the following, the self-energy~17! is evaluated in mo-
mentum space. Use will be made of translational invarian
S0(x,y)[S0(x2y), cf. Eq. ~10!, and of the Fourier trans
forms

S0~x!5
T

V (
K

e2 iK •x S0~K !, ~18a!

2 i d (4)~x![d (3)~x! d~t!5
T

V (
K

e2 iK •x, ~18b!

E
x
eiK •x5

V

T
dK,0

(4) , ~18c!

where(K[(nV*d3k/(2p)3. Here, the quark propagator i
momentum space is

S0~K ![S G0
1~K ! 0

0 G0
2~K !

D ,

G0
6~K ![~gmKm6mg02m!21. ~19!

Then, the gluon self-energy in momentum space is

P0ab
mn~P!5

1

2
g2

T

V (
K

Trs,c, f ,NG@Ĝa
m S0~K ! Ĝb

n S0~K2P!#.

~20!

As a warm-up exercise, and to confirm that the method of
Nambu-Gor’kov propagators indeed gives the correct
swer, let us derive from Eq.~20! the standard hard-dense
loop ~HDL! result @15,16# for the quark contribution to the
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gluon self-energy. To see the analogy to the computation
the superconducting phase, cf. Sec. IV, Eq.~20! will be
evaluated in several steps.

A. Trace over Nambu-Gor’kov space

First perform the trace over Nambu-Gor’kov space. W
Eqs.~11! and ~19!, one obtains

P0ab
mn~P!5

1

2
g2

T

V (
K

Trs,c, f@Ga
m G0

1~K ! Gb
n G0

1~K2P!

1Ḡa
m G0

2~K ! Ḡb
n G0

2~K2P!#. ~21!

B. Trace over flavor space

The verticesGa
m and Ḡa

m are diagonal in flavor space,

~Ga
m! f g5d f g Ga

m , ~ Ḡa
m! f g5d f g Ḡa

m. ~22!

The free propagatorsG0
6 are also diagonal in flavor space

but for m fÞmg , f Þg, f ,gP$1, . . . ,Nf%, the diagonal com-
ponents are in general not equal. To proceed, assume th
chemical potentials are equal,m15m25 . . . 5mNf

[m, such
that

~G0
6! f g5d f g G0

6 . ~23!

~For notational convenience, I am somewhat sloppy with
dices here and throughout the rest of the paper: I use
same symbol,G0

6 , for the 4Nc Nf34 Nc Nf matrix on the
left-hand side of this equation and for the 4Nc34 Nc matrix
on the right-hand side.! Thus, the trace over flavor spac
simply gives a factorNf ,

P0ab
mn~P!5

1

2
g2 Nf

T

V (
K

Trs,c@Ga
m G0

1~K ! Gb
n G0

1~K2P!

1Ḡa
m G0

2~K ! Ḡb
n G0

2~K2P!#. ~24!

This expression is easily generalized to the case where
chemical potentials are not equal. Then, instead of the
factor Nf one would have a sum over flavorsf, where the
value of the chemical potential in the propagatorsG0

6 in the
f th term of the sum is equal tom f .

C. Trace over color space

The free quark propagator is diagonal in~fundamental!
color space,

~G0
6! i j 5d i j G0

6 . ~25!

The only nontrivial color structure thus arises from the ge
erators ofSU(3)c . On account of

Trc~TaTb!5Trc~TaTb!T5Trc~Ta
TTb

T!5
1

2
dab , ~26!

one obtains
7-4
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P0ab
mn~P!5dab P0

mn~P!, ~27a!

P0
mn~P!5

1

4
g2 Nf

T

V (
K

Trs@gm G0
1~K ! gn G0

1~K2P!

1gm G0
2~K ! gn G0

2~K2P!#. ~27b!

D. Mixed representations for the quark propagators

To proceed, let us assume that the quarks are mass
m50. Then, write the quark propagator as

G0
6~K !5 (

e56

k07~m2ek!

k0
22@ek0

e #2
Lk

6e g0 , ~28!

where

ek0
e [um2eku, ~29!

and

Lk
e[

1

2
~11eg0 g• k̂! ~30!

are projectors onto states of positive (e51) or negative (e
521) energy. Now introduce a mixed representation for
quark propagator,

G0
6~t,k![T(

k0

e2k0t G0
6~K !,

G0
6~K ![E

0

1/T

dt ek0t G0
6~t,k!. ~31!

After performing the Matsubara sum in terms of a conto
integral in the complexk0 plane, one obtains

G0
1~t,k!52 (

e56
Lk

e g0$~12nk0
e ! @u~t!2N~ek0

e !#

3exp~2ek0
e t!2nk0

e @u~2t!2N~ek0
e !#

3exp~ek0
e t!%, ~32a!

G0
2~t,k!52 (

e56
g0 Lk

e$nk0
e @u~t!2N~ek0

e !#

3exp~2ek0
e t!2~12nk0

e ! @u~2t!2N~ek0
e !#

3exp~ek0
e t!%. ~32b!

Here,N(x)[(ex/T11)21, and

nk0
e [

ek0
e 1m2ek

2 ek0
e

~33!

are the occupation numbers of particles (e511) or antipar-
ticles (e521) at zero temperature. Consequently, 12nk0

e

are the occupation numbers for particle-holes or antiparti
holes.
03400
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Note that

G0
6~2t,k!52g0 G0

7~t,k! g0. ~34!

For 0<t<1/T, one derives with 12N(x)5N(x) ex/T

G0
6S 1

T
2t,kD52G0

6~2t,k!, ~35!

the well-known Kubo-Martin-Schwinger relation for ferm
ons @15#.

Using the fact that nk0
e [u(m2ek), and N(x)51

2N(2x), the propagators~32a!,~32b! can be cast into the
more familiar form

G0
1~t,k!52Lk

1 g0 @u~t!2NF
1~k!# e2(k2m)t

1Lk
2 g0 @u~2t!2NF

2~k!# e(k1m)t, ~36a!

G0
2~t,k!5g0 Lk

1 @u~2t!2NF
1~k!# e(k2m)t

2g0 Lk
2 @u~t!2NF

2~k!# e2(k1m)t, ~36b!

where NF
6(k)[N(k7m) is the Fermi–Dirac distribution

function for particles~antiparticles!. However, in view of the
application to the superconducting phase in Sec. IV, it
advantageous to continue to use the form~32a!,~32b!.

Denoting K1[K and K2[K2P, one computes the ex
pressions

T(
k0

Trs@gm G0
6~K1! gn G0

6~K2!#

5T(
k0

E
0

1/T

dt1 dt2 ek0t11(k02p0)t2

3Trs@gm G0
6~t1 ,k1! gn G0

6~t2 ,k2!# ~37!

as follows. To perform the Matsubara sum overk0, use the
identity @15#

T(
n

ek0t5 (
m52`

`

~21!m dS t2
m

T D , ~38!

valid for fermionic Matsubara frequencies,k052 i (2n
11)pT. Since 0<t1 , t2<1/T in Eq. ~37!, the delta func-
tion in Eq. ~38! has support only form51, i.e., t251/T
2t1. With the help of Eqs.~34! and ~35!, as well asep0 /T

51 for bosonic Matsubara frequenciesp052 i2npT, one
obtains

T(
k0

Trs@gm G0
6~K1! gn G0

6~K2!#

52E
0

1/T

dt ep0t Trs@gm G0
6~t,k1! gn g0 G0

7~t,k2! g0#.

~39!
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One now inserts the expressions~32a!,~32b!, and integrates overt. Putting everything together, one obtains for the glu
self-energy:

P0
mn~P!52

1

4
g2 Nf E d3k

~2p!3 (
e1 ,e256

H T 1
mn~k1 ,k2!F S n1

0 ~12n2
0!

p01e1
01e2

0
2

~12n1
0! n2

0

p02e1
02e2

0D ~12N1
02N2

0!

1S ~12n1
0! ~12n2

0!

p02e1
01e2

0
2

n1
0 n2

0

p01e1
02e2

0D ~N1
02N2

0!G1T 2
mn~k1 ,k2!

3F S ~12n1
0! n2

0

p01e1
01e2

0
2

n1
0 ~12n2

0!

p02e1
02e2

0D ~12N1
02N2

0!1S n1
0 n2

0

p02e1
01e2

0
2

~12n1
0! ~12n2

0!

p01e1
02e2

0 D ~N1
02N2

0!G J . ~40!

Here,

T 6
mn~k1 ,k2![Trs~g0 gm Lk1

6e1 g0 gn Lk2

6e2!, ~41!

and I introduced the somewhat compact notation

e i
0[eki0

ei , ni
0[nki0

ei , Ni
0[N~e i

0!. ~42!

An ~appropriately generalized! expression of the form~40! will also appear in Sec. IV, when the self-energy is computed in
superconducting phase. In the normal phase, however, one can useni

0[u(m2eiki) to show that

ni
0 ~12Ni

0!5ni
0 $u~ei ! NF

1~ki !1u~2ei ! @12NF
2~ki !#%, ~43a!

~12ni
0! Ni

05~12ni
0! $u~ei ! NF

1~ki !1u~2ei ! @12NF
2~ki !#% ~43b!

~12ni
0! ~12Ni

0!5~12ni
0! $u~ei ! @12NF

1~ki !#1u~2ei ! NF
2~ki !%, ~43c!

ni
0 Ni

05ni
0 $u~ei ! @12NF

1~ki !#1u~2ei ! NF
2~ki !%. ~43d!

Equation~40! then simplifies to

P0
mn~P!5

1

4
g2 Nf E d3k

~2p!3 (
e1 ,e256

F T 1
mn~k1 ,k2!

p02e1 k11e2 k2
2

T 2
mn~k1 ,k2!

p01e1 k12e2 k2
G

3$u~e1!@12NF
1~k1!#1u~2e1! NF

2~k1!2u~e2!@12NF
1~k2!#2u~2e2! NF

2~k2!%. ~44!
tia

th
A

e
d

e

f

s

E. Trace over spinor space
The traces~41! are best computed for temporal and spa

components separately,

T 6
00511e1e2 k̂1• k̂2, ~45a!

T 6
0i5T 6

i056e1 k̂1
i 6e2 k̂2

i , i 5x,y,z, ~45b!

T 6
i j 5d i j ~12e1e2 k̂1• k̂2!1e1e2 ~ k̂1

i k̂2
j 1 k̂1

j k̂2
i !,

i , j 5x,y,z. ~45c!

Equation~40!, or Eq. ~44!, together with Eqs.~45a!–~45c!,
completes the computation of the quark contribution to
gluon self-energy to one-loop order in the normal phase.
03400
l

e
t

temperaturesT!m, this is the dominant contribution to th
gluon self-energy. In the following, I study the so-calle
hard-dense-loop~HDL! limit.

F. The HDL limit

To derive the HDL limit, it is advantageous to shift th
integration over 3-momentum in Eqs.~40! or ~44!, k→k
1p/2, such thatk15k1p/2 andk25k2p/2. The HDL limit
is obtained by takingp0 ,p to be of ordergm ~‘‘soft’’ !, while
k is of orderm ~‘‘hard’’ ! @15#. As the gluon self-energy~40!
is already proportional tog2, it is permissible to compute the
integral in Eq.~40! to orderO(p0). However, since some o
the energy denominators are of orderO(p), one has to keep
terms up to orderO(p) in the numerators, too. For the trace
~45a!–~45c! one then obtains
7-6
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T 6
00.11e1e21OS p2

k2D , ~46a!

T 6
0i5T6

i0.6~e11e2!k̂i6~e12e2!~d i j 2 k̂i k̂ j !
pj

2k
1OS p2

k2D ,

~46b!

T 6
i j .d i j ~12e1e2!12 e1e2 k̂i k̂ j1OS p2

k2D . ~46c!

In the following, the temporal and spatial components of
gluon self-energy are evaluated separately.

(i) m5n50. In the HDL limit, Eq.~46a! shows that only
particle-particle (e15e2511), or antiparticle-antiparticle
(e15e2521) excitations contribute to the electric comp
nents of the gluon self-energy. In this case, only the diff
encek12k2 occurs in the energy denominators in Eq.~44!,
which, in the HDL limit, is

k12k2.p• k̂. ~47!

In the numerators, the difference of the thermal occupa
numbers is

NF
6~k1!2NF

6~k2!.p• k̂
dNF

6~k!

dk
. ~48!

Equation~44! with Eq. ~46a! then yields

P0
00~P!.g2 Nf E d3k

~2p!3 S 12
p0

p01p• k̂
D

3FdNF
1~k!

dk
1

dNF
2~k!

dk G . ~49!

With some effort, one can also do the integration ovek
exactly forall temperatures and chemical potentials@15#. In
this case, the final answer encompasses not only the h
dense-loop limit, but also the ‘‘hard-thermal-loop’’~HTL!
limit. That much effort is, however, not necessary in t
present case. For superconductivity, one is interested in
peratures of the order of the zero-temperature gap,T;f0
;m exp(2cQCD/g)!m. On this basis it was argued abov
that contributions from the gluon and ghost loops to
gluon self-energy can be neglected, as they are;g2T2,
while the dominant contribution from the quark loop
;g2m2.

In essence this means that effects from nonzero temp
ture can be neglected to leading order. Consequently,

dNF
1~k!

dk
.

d u~m2k!

dk
52d~k2m!,

dNF
2~k!

dk
.

d u~k1m!

dk
50. ~50!
03400
e
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e
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From the physical point of view this is an important relatio
only quark excitationsat the Fermi surface contribute to th
gluon self-energy.

With these approximations one obtains the well-kno
result @15#

P0
00~P!.23 mg

2E dV

4p S 12
p0

p01p• k̂
D , ~51!

wheredV is the integration over solid angle and

mg
2[g2

Nf

6p2
m2 ~52!

is the gluon mass atT50. Equation~51! remains valid in the
HTL limit, when Eq.~52! is properly generalized to nonzer
temperature@15#.

In the static limit,p050, the dependence onp vanishes,
and one simply has

P0
00~0!.23 mg

2 , ~53!

the usual result for Debye screening.
(ii) m50,n5 i . For P0

0i , one concludes from Eqs.~44!
and ~46b! that particle-antiparticle excitations are at least
order O(p2), i.e., to leading order in the HDL limit only
particle-particle or antiparticle-antiparticle excitations co
tribute to the gluon self-energy. Then, with Eqs.~47! and
~48! one obtains

P0
0i~P!.g2 Nf E d3k

~2p!3

p0 k̂i

p01p• k̂
FdNF

1~k!

dk
1

dNF
2~k!

dk G .
~54!

For the temperatures of interest, one can again make
approximation~50! to obtain

P0
0i~P!.23 mg

2 E dV

4p

p0 k̂i

p01p• k̂
, ~55!

which coincides with@15#.
In the static limit,

P0
0i~0!.0. ~56!

(iii) m5 i , n5 j . For P0
i j , Eq. ~46c! shows that not only

particle-particle (e15e2511) and antiparticle-antiparticle
(e15e2521) excitations contribute, as for the other com
ponents ofP0

mn , but also particle-antiparticle (e152e2
561) excitations. In the former, one encounters again
difference of momenta~47! and thermal occupation numbe
~48!. In the latter, however, the sum of momenta and therm
occupation numbers occurs. To leading order inp,

k11k2.2 k, NF
6~k1!1NF

6~k2!.2 NF
6~k!. ~57!

Then,
7-7
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P0
i j ~P!.g2 Nf E d3k

~2p!3 H k̂i k̂ j S 12
p0

p01p• k̂
D

3FdNF
1~k!

dk
1

dNF
2~k!

dk G
2~d i j 2 k̂i k̂ j !

1

k
@12NF

1~k!2NF
2~k!#J .

~58!

The 1 in the last term is an ultraviolet-divergent vacuu
contribution and has to be removed by renormalization. T
angular integration can be performed for the parts which
not depend onp, *(dV/4p) k̂i k̂ j[d i j /3. One then realizes
after an integration by parts that thep-independent part o
the first line in Eq.~58! cancels the second line,

P0
i j ~P!.2g2 Nf E d3k

~2p!3
k̂i k̂ j

p0

p01p• k̂

3FdNF
1~k!

dk
1

dNF
2~k!

dk G . ~59!

With the gluon mass~52! this can be written in the form

P0
i j ~P!.3 mg

2 E dV

4p
k̂i k̂ j

p0

p01p• k̂
, ~60!

which is the standard result@15#. Static magnetic gluons ar
not screened,

P0
i j ~0!.0. ~61!

IV. THE GLUON SELF-ENERGY
IN THE SUPERCONDUCTING PHASE

In the superconducting phase, the ground state is a
densate of quark Cooper pairs,^c̄C c&Þ0. As was shown in
@9#, in mean-field approximation the quark propagator~19!
becomes

S~K !5S G1~K ! J2~K !

J1~K ! G2~K !
D , ~62!

where the quasiparticle and charge conjugate quasipar
propagators are

G6[~@G0
6#212S6!21, S6[F7 G0

7 F6. ~63!

S6 is the quark self-energy generated by exchanging p
ticles or charge conjugate particles with the condensate.
S1, a particle annihilates with an antiparticle in the conde
sateF1;^cC c̄&, and a charge conjugate particle is creat
This charge conjugate particle propagates viaG0

2 , until it

annihilates in the condensateF2;^c c̄C& with a charge
conjugate antiparticle, whereby a particle is created@6#. The
03400
e
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n-

le
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or
-
.

meaning ofS2 can be explained analogously, except that
roles of particles and charge conjugate particles are in
changed.

The off-diagonal components of the quark propaga
~62! are

J6[2G0
7 F6 G6. ~64!

The physical interpretation is that particles~charge conjugate
particles! annihilate with an antiparticle~a charge conjugate
antiparticle! in the condensate, upon which a charge con
gate particle~a particle! is created.

In mean-field approximation, the condensateF1 obeys
the gap equation@5,6,9#

F1~K ![2g2
T

V (
Q

Dmn
ab~K2Q! Ḡa

m J1~Q! Gb
n , ~65!

andF2 can be obtained from

F2~K ![g0@F1~K !#†g0 . ~66!

The solution of the gap equation~65! has been extensively
discussed in@6#.

The gluon self-energy~20! becomes

Pab
mn~P!5

1

2
g2

T

V (
K

Trs,c, f ,NG@Ĝa
m S~K ! Ĝb

n S~K2P!#.

~67!

As in the normal phase, this expression is computed in s
eral steps.

A. Trace over Nambu-Gor’kov space

The trace over the 2-dimensional Nambu–Gor’kov spa
is readily performed with Eqs.~11! and ~62!,

Pab
mn~P!5

1

2
g2

T

V (
K

Trs,c, f@Ga
m G1~K ! Gb

n G1~K2P!

1Ḡa
m G2~K ! Ḡb

n G2~K2P!

1Ga
m J2~K ! Ḡb

n J1~K2P!

1Ḡa
m J1~K ! Gb

n J2~K2P!#. ~68!

When the temperature approaches the critical tempera
T→Tc , the condensate melts,F6→0, i.e., J6→0 and
G6→G0

6 , and the gluon self-energy assumes the form
the normal phase,Pab

mn→P0ab
mn , which was discussed in th

previous Sec. III.

B. Trace over flavor space

For a condensate with total spinJ50 and Nf52, the
condensate is totally antisymmetric in flavor space@7#,

~F6! f g[6e f g F6, ~69!
7-8
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where use has been made ofe f g
T 5eg f52e f g . Consequently,

since the free quark propagator is diagonal in flavor spa
the quark self-energy is also diagonal in flavor space,

~S6! f g5~F7! f h ~G0
7!hm ~F6!mg

5eh f ehg F7 G0
7 F6

5d f g S6. ~70!

Then, also the quasiparticle propagator is diagonal in fla
space,

~G6! f g5d f g G6. ~71!

On the other hand, the off-diagonal components ofS are
antisymmetric in flavor space,

~J6! f g52~G0
7! f h ~F6!hm ~G6!mg56e f g J6. ~72!

As the verticesGa
m and Ḡa

m are flavor-blind~proportional to
the unit matrix in flavor space!, the trace over flavor space i
Eq. ~68! results in

Pab
mn~P!5

1

2
g2 Nf

T

V (
K

Trs,c@Ga
m G1~K ! Gb

n G1~K2P!

1Ḡa
m G2~K ! Ḡb

n G2~K2P!

1Ga
m J2~K ! Ḡb

n J1~K2P!

1Ḡa
m J1~K ! Gb

n J2~K2P!#, ~73!

where, of course,Nf52.

C. Trace over color space

An Nf52, J50 condensate is also totally antisymmet
in color space@7#,

~F6! i j [6e i j 3 F6, ~74!

where use has been made ofe i j 3
T 5e j i 352e i j 3, and where a

global color rotation has been performed to orient the c
densate into the~anti-!3-direction in color space.~The nota-
tion is again sloppy: the ‘‘3’’ is actually not a triplet, but a
anti-triplet index.!

The free quark propagator is diagonal in color space
that one computes for the quark self-energy

~S6! i j 5~F7! ik ~G0
7!kl ~F6! l j

5eki3 ek j3 F7 G0
7 F6

5~d i j 2d i3 d j 3! S6. ~75!

This result is physically easy to interpret, remembering
above discussion of how the quark self-energy arises. Qu
with color 3 do not condense, consequently there is no a
quark in the condensate which a color-3 quark could ann
late with. Thus, color-3 quarks do not attain a self-ene
@6#.
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The color structure of the quasiparticle propagator
therefore

~G6! i j 5~d i j 2d i3 d j 3! G61d i3 d j 3 G0
6 . ~76!

For the off-diagonal components ofS one then finds

~J6! i j 52~G0
7! ik ~F6!kl ~G6! l j 56e i j 3 J6. ~77!

One now computes the trace over color space with the
plicit form of the Gell-Mann matrices. After a somewh
tedious, but straightforward calculation one obtains fora
5b51,2,3:

P11
mn~P!5

1

4
g2 Nf

T

V (
K

Trs@gm G1~K ! gn G1~K2P!

1gm G2~K ! gn G2~K2P!

1gm J2~K ! gn J1~K2P!

1gm J1~K ! gn J2~K2P!#, ~78a!

for a5b54,5,6,7:

P44
mn~P!5

1

8
g2 Nf

T

V (
K

Trs@gm G0
1~K ! gn G1~K2P!

1gm G1~K ! gn G0
1~K2P!

1gm G0
2~K ! gn G2~K2P!

1gm G2~K ! gn G0
2~K2P!#, ~78b!

and fora5b58:

P88
mn~P!5

2

3
P0

mn~P!1
1

3
P̃mn~P!,

P̃mn~P!5
1

4
g2 Nf

T

V (
K

Trs@gm G1~K ! gn G1~K2P!

1gm G2~K ! gn G2~K2P!

2gm J2~K ! gn J1~K2P!

2gm J1~K ! gn J2~K2P!#, ~78c!

whereP0
mn is the gluon self-energy in the normal phase, E

~27b!.
Apart from the diagonal elements~78a!–~78c!, after per-

forming the color-trace one also finds the off-diagonal e
ments
7-9
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P45
mn~P!52P54

mn~P!5P67
mn~P!52P76

mn~P!

[ i P̂mn~P!,

P̂mn~P![
1

8
g2 Nf

T

V (
K

Trs@gm G0
1~K ! gn G1~K2P!

2gm G1~K ! gn G0
1~K2P!

2gm G0
2~K ! gn G2~K2P!

1gm G2~K ! gn G0
2~K2P!#. ~78d!

The occurrence of these off-diagonal elements bears no
cial physical meaning. It simply indicates that the inver
gluon propagatorD21 is not diagonal in the original basis o
adjoint colors. For instance, in the (45)-subspace of adj
colorsD21 has the form

S D0
211P44 i P̂

2 i P̂ D0
211P44

D . ~79!

This Hermitian matrix is easily diagonalized by the unita
matrix

U[
1

A2
S 1 2 i

2 i 1 D . ~80!

In the new~diagonal! basis of adjoint colors,

S D0
211P441P̂ 0

0 D0
211P442P̂

D . ~81!

Similar arguments hold for the (67)-subspace. Therefore,
tating into the new~diagonal! basis,

P441P̂5P661P̂→P445P66,

P442P̂5P662P̂→P555P77. ~82!

In the following, only these diagonal gluon self energies w
be considered. They read explicitly

P44
mn~P!5

1

4
g2 Nf

T

V (
K

Trs@gm G0
1~K ! gn G1~K2P!

1gm G2~K ! gn G0
2~K2P!#, ~83a!

P55
mn~P!5

1

4
g2 Nf

T

V (
K

Trs@gm G1~K ! gn G0
1~K2P!

1gm G0
2~K ! gn G2~K2P!#. ~83b!

Remembering the explicit form of the Gell-Mann mat
ces, the results~78a!,~78c!, and ~83a!,~83b! are simple to
interpret. Gluons of adjoint colors 1, 2, and 3 see only qua
in the condensate, with fundamental colors 1 and 2. Th
03400
e-
e

t
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l

s
ir

self-energy has therefore contributions from the diago
(G6), as well as the off-diagonal (J6) components of the
quark propagator~62!.

Gluons of colors 4 and 5 ‘‘see’’ the uncondensed qua
with fundamental color 3, but also the condensed quarks
color 1. Analogously, gluons of colors 6 and 7 see the
condensed quark and the condensed quark of color 2. Th
fore, the fermion loop in the self-energy contains one fr
propagatorG0

6 , corresponding to the uncondensed qua
and one quasiparticle~charge conjugate quasiparticle! propa-
gatorG6, corresponding to the quark in the condensate.
there is no way to annihilate a color-3 quark in the cond
sate, there is no contribution from the off-diagonal comp
nents of Eq.~62!.

Finally, gluons of color 8 see the condensed quarks
colors 1 and 2, but also the uncondensed color-3 quark.
contribution to the gluon self-energy from the latter is equ
to that in the normal phase,P0

mn , the factor 2/3 comes from
the (33)-element ofT8. Apart from the prefactor 1/3, the
contribution from the condensed quarks,P̃mn, looks similar
to P11

mn , except that the sign of the last two terms is differe
As will be seen below, this difference is important to ke
gluons of colors 1, 2, and 3 massless, while the eighth gl
becomes massive. Note that, for QED,Ḡa

m→Ḡm52gm, g
→e. Thus, forNf52, the contribution from the condense
quarks to the self-energy of gluons of color 8,P̃mn, is ex-
actly g2/e2 of what one expects for the photon self-energy
an ordinary superconductor.

D. Mixed representations for the quark propagators

For m50, the quasiparticle propagator can be written
terms of chirality and energy projectors@6,9#,

G6~K !5 (
h5r ,l

(
e56

P6h Lk
6e

k0
22@ek

e~fh
e!#2

@G0
7~K !#21, ~84!

wherePr ,l5(16g5)/2 are chirality projectors~the notation
2h stands forl, if h5r , and r, if h5 l ). The quasiparticle
energies are

ek
e~fh

e![A~m2ek!21ufh
eu2, ~85!

where fh
e is the gap function for pairing of quarks (e

511) or antiquarks (e521) with chirality h.
An analysis of the gap functions in mean-field approxim

tion shows@6# that left- and right-handed gap functions diffe
only by a complex phase factor,

f r
e5fe exp~ i ue!, f l

e52fe exp~2 i ue!, ~86!

with fePR. Moreover, the phase factor is independent
the energy projection,u15u2[u. Condensation fixes the
value ofu, and breaks theUA(1) symmetry~which is effec-
tively restored at high densities! spontaneously. Ifu50 or
p/2, condensation occurs in a spin-zero channel with go
parity, JP501 or JP502, respectively. ForuÞ0, there is
7-10
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always aJP502 admixture, thus condensation breaks a
parity @7,18#. For the sake of simplicity, in the following we
only consideru50.

From Eq.~86!, uf r
eu[uf l

eu[fe, and the sum over chirali
ties in Eq. ~84! is superfluous. Writing the inverse fre
propagator as@G0

7(K)#215@k07(m2ek)72 ekLk
7e#g0,

Eq. ~84! can be brought in the form

G6~K !5 (
e56

k07~m2ek!

k0
22@ek

e#2
Lk

6e g0 , ~87!

which should be compared with Eq.~28!. Obviously, all that
has changed is that the free quark excitation energies~29!
have been replaced by the quasiparticle excitation ener
~85!, ek0

e →ek
e[ek

e(fe).
After realizing this, by comparison with Eqs.~32a!,~32b!

one can immediately write down the mixed representat
for the quasiparticle propagators,

G1~t,k!52 (
e56

Lk
e g0$~12nk

e! @u~t!2N~ek
e!#

3exp~2ek
et!2nk

e @u~2t!2N~ek
e!#

3exp~ek
et!%, ~88a!

G2~t,k!52 (
e56

g0 Lk
e$nk

e @u~t!2N~ek
e!#

3exp~2ek
et!2~12nk

e! @u~2t!2N~ek
e!#

3exp~ek
et!%. ~88b!

Here,

nk
e[

ek
e1m2ek

2 ek
e

~89!

are the occupation numbers for quasiparticles (e511) or
quasi-antiparticles (e521) at zero temperature@9#. Conse-
quently, 12nk

e are the occupation numbers for quasiparti
holes or quasi-antiparticle holes. Due to the presence
gapfe in the quasiparticle excitation spectrum, these oc
pation numbers are no longer simple theta functions in m
mentum space, as in the noninteracting case; the theta f
tions become ‘‘smeared’’ over a range;fe around the
Fermi surface~cf. Fig. 2 in @9#!. The relations~34! and ~35!
are also satisfied byG6(t,k).

From a comparison of Eqs.~88a!,~88b! and ~32a!,
~32b!, one can immediately deduce from Eq.~40! the
result for the traces Trs@gm G6(K) gnG6(K2P)#,
Trs@gmG0

6(K)gnG6(K2P)#, or Trs@gmG6(K) gnG0
6(K

2P)#. All one has to do is replace

e i
0→e i[eki

ei , ni
0→ni[nki

ei , Ni
0→Ni[N~e i !, ~90!

when a propagatorG6 occurs in place ofG0
6 .
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-
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One also needs a mixed representation for the
diagonal components ofS(K). First, writeJ6(K), Eq. ~64!,
in terms of projectors,

J1~K !52 (
h5r ,l

(
e56

fh
e~K !

k0
22@ek

e#2
P2h Lk

2e ,

J2~K !52 (
h5r ,l

(
e56

@fh
e~K !#*

k0
22@ek

e#2
Ph Lk

e . ~91!

As in @6#, assume thatfh
e(k0) has no poles or cuts in th

complexk0-plane and thatfh
e(k0)5fh

e(2k0). In this case,
one obtains the mixed representations

J1~t,k!5 (
h5r ,l

(
e56

P2h Lk
2e

fh
e~ek

e ,k!

2 ek
e $@u~t!2N~ek

e!#

3exp~2ek
et!1@u~2t!2N~ek

e!#

3exp~ek
et!%, ~92a!

J2~t,k!5 (
h5r ,l

(
e56

Ph Lk
e
@fh

e~ek
e ,k!#*

2 ek
e $@u~t!2N~ek

e!#

3exp~2ek
et!1@u~2t!2N~ek

e!#

3exp~ek
et!%. ~92b!

Note that the energy in the gap functionsfh
e is on the qua-

siparticle mass shell,k0[6ek
e .

The traces in Eqs.~78a!–~78d! involving J6 are now
straightforwardly computed as

T(
k0

Trs@gm J7~K1! gn J6~K2!#

5 (
e1 ,e256

U 6
mn~k1 ,k2!

f1 f2

4 e1 e2

3F S 1

p01e11e2
2

1

p02e12e2
D ~12N12N2!

2S 1

p02e11e2
2

1

p01e12e2
D ~N12N2!G , ~93!

whereK1[K, K2[K2P, as before, while

f i[fei~e i ,k i !, ~94!

and

U 6
mn~k1 ,k2![Trs@gm Lk1

6e1 gn Lk2

7e2#. ~95!

On account ofPh gm5gm P2h andPr Pl50, the sum over
chiralitiesh1 andh2 originating from the mixed representa
tions ~92a!,~92b! could be performed trivially.

Putting everything together, the self-energy for gluons
color 1, 2, and 3 is
7-11
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P11
mn~P!52

1

4
g2 Nf E d3k

~2p!3 (
e1 ,e256

H T 1
mn~k1 ,k2!

3F S n1 ~12n2!

p01e11e2
2

~12n1! n2

p02e12e2
D ~12N12N2!1S ~12n1! ~12n2!

p02e11e2
2

n1 n2

p01e12e2
D ~N12N2!G1T 2

mn~k1 ,k2!

3F S ~12n1! n2

p01e11e2
2

n1 ~12n2!

p02e12e2
D ~12N12N2!1S n1 n2

p02e11e2
2

~12n1! ~12n2!

p01e12e2
D ~N12N2!G2@U 1

mn~k1 ,k2!

1U 2
mn~k1 ,k2!#

f1 f2

4 e1 e2
F S 1

p01e11e2
2

1

p02e12e2
D ~12N12N2!2S 1

p02e11e2
2

1

p01e12e2
D ~N12N2!G J ,

~96a!

for gluon colors 4 and 6,

P44
mn~P!52

1

4
g2 Nf E d3k

~2p!3 (
e1 ,e256

H T 1
mn~k1 ,k2!

3F S n1
0 ~12n2!

p01e1
01e2

2
~12n1

0! n2

p02e1
02e2

D ~12N1
02N2!1S ~12n1

0! ~12n2!

p02e1
01e2

2
n1

0 n2

p01e1
02e2

D ~N1
02N2!G1T 2

mn~k1 ,k2!

3F S ~12n1! n2
0

p01e11e2
0

2
n1 ~12n2

0!

p02e12e2
0D ~12N12N2

0!1S n1 n2
0

p02e11e2
0

2
~12n1! ~12n2

0!

p01e12e2
0 D ~N12N2

0!G J , ~96b!

for gluon colors 5 and 7,

P55
mn~P!52

1

4
g2 Nf E d3k

~2p!3 (
e1 ,e256

H T 1
mn~k1 ,k2!

3F S n1 ~12n2
0!

p01e11e2
0

2
~12n1! n2

0

p02e12e2
0D ~12N12N2

0!1S ~12n1! ~12n2
0!

p02e11e2
0

2
n1 n2

0

p01e12e2
0D ~N12N2

0!G1T 2
mn~k1 ,k2!

3F S ~12n1
0! n2

p01e1
01e2

2
n1

0 ~12n2!

p02e1
02e2

D ~12N1
02N2!1S n1

0 n2

p02e1
01e2

2
~12n1

0! ~12n2!

p01e1
02e2

D ~N1
02N2!G J , ~96c!

and for gluon color 8

P̃mn~P!52
1

4
g2 Nf E d3k

~2p!3 (
e1 ,e256

H T 1
mn~k1 ,k2!

3F S n1 ~12n2!

p01e11e2
2

~12n1! n2

p02e12e2
D ~12N12N2!1S ~12n1! ~12n2!

p02e11e2
2

n1 n2

p01e12e2
D ~N12N2!G1T 2

mn~k1 ,k2!

3F S ~12n1! n2

p01e11e2
2

n1 ~12n2!

p02e12e2
D ~12N12N2!1S n1 n2

p02e11e2
2

~12n1! ~12n2!

p01e12e2
D ~N12N2!G1@U 1

mn~k1 ,k2!

1U 2
mn~k1 ,k2!#

f1 f2

4 e1 e2
F S 1

p01e11e2
2

1

p02e12e2
D ~12N12N2!2S 1

p02e11e2
2

1

p01e12e2
D ~N12N2!G J .

~96d!

E. Trace over spinor space

The tracesT 6
mn have been computed in Sec. III E. What remains to be done is to computeU 6

mn . One finds

U 6
005T 6

00, ~97a!
034007-12



will be

d

DEBYE SCREENING AND THE MEISSNER EFFECT IN . . . PHYSICAL REVIEW D62 034007
U 6
0i52U 6

i052T 6
0i , i 5x,y,x, ~97b!

U 6
i j 52T 6

i j , i , j 5x,y,z. ~97c!

In the following, the results for the different components of the gluon self-energy in the superconducting phase
collected.

F. Gluons of color 1, 2, and 3

(i) m5n50. Defining

j i[ei ki2m, ~98!

the self-energy of electric gluons of color 1, 2, and 3 is determined from Eqs.~45a!–~45c!, ~96a!, and~97a! as

P11
00~P!52

1

4
g2 NfE d3k

~2p!3 (
e1 ,e256

~11e1e2 k̂1• k̂2!

3F S 1

p01e11e2
2

1

p02e12e2
D ~12N12N2!

e1 e22j1 j22f1 f2

2 e1 e2

1S 1

p02e11e2
2

1

p01e12e2
D ~N12N2!

e1 e21j1 j21f1 f2

2 e1 e2
G . ~99a!

(ii) m50,n5 i . For the (0i )-components of the self-energy of gluons with colors 1, 2, or 3 one obtains

P11
0i ~P!52

1

4
g2 NfE d3k

~2p!3 (
e1 ,e256

~e1 k̂1
i 1e2 k̂2

i !

3F S 1

p01e11e2
1

1

p02e12e2
D ~12N12N2! S j2

2 e2
2

j1

2 e1
D

1S 1

p02e11e2
1

1

p01e12e2
D ~N12N2! S j1

2 e1
1

j2

2 e2
D G . ~99b!

(iii) m5 i , n5 j . The self-energy of magnetic gluons of colors 1, 2, and 3 is

P11
i j ~P!52

1

4
g2 NfE d3k

~2p!3 (
e1 ,e256

@d i j ~12e1e2 k̂1• k̂2!1e1e2~ k̂1
i k̂2

j 1 k̂1
j k̂2

i !#

3F S 1

p01e11e2
2

1

p02e12e2
D ~12N12N2!

e1 e22j1 j21f1 f2

2 e1 e2

1S 1

p02e11e2
2

1

p01e12e2
D ~N12N2!

e1 e21j1 j22f1 f2

2 e1 e2
G . ~99c!

G. Gluons of color 4 and 6

(i) m5n50. Using the symmetry of Eq.~96b! underk1↔2k2 , e1↔e2, the self-energy of electric gluons of colors 4 an
6 can be written as

P44
00~P!52

1

2
g2 Nf E d3k

~2p!3 (
e1 ,e256

~11e1e2 k̂1• k̂2!

3F S n1
0 ~12n2!

p01e1
01e2

2
~12n1

0! n2

p02e1
02e2

D ~12N1
02N2!1S ~12n1

0! ~12n2!

p02e1
01e2

2
n1

0 n2

p01e1
02e2

D ~N1
02N2!G . ~100a!

(ii) m50,n5 i . The same symmetry arguments lead to
034007-13
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P44
0i ~P!52

1

2
g2 Nf E d3k

~2p!3 (
e1 ,e256

~e1 k̂1
i 1e2 k̂2

i !

3F S n1
0 ~12n2!

p01e1
01e2

2
~12n1

0! n2

p02e1
02e2

D ~12N1
02N2!1S ~12n1

0! ~12n2!

p02e1
01e2

2
n1

0 n2

p01e1
02e2

D ~N1
02N2!G . ~100b!

(iii) m5 i , n5 j . For the self-energy of magnetic gluons of color 4 and 6 one obtains

P44
i j ~P!52

1

2
g2 Nf E d3k

~2p!3 (
e1 ,e256

@d i j ~12e1e2 k̂1• k̂2!1e1e2 ~ k̂1
i k̂2

j 1 k̂1
j k̂2

i !#

3F S n1
0 ~12n2!

p01e1
01e2

2
~12n1

0! n2

p02e1
02e2

D ~12N1
02N2!1S ~12n1

0! ~12n2!

p02e1
01e2

2
n1

0 n2

p01e1
02e2

D ~N1
02N2!G . ~100c!

H. Gluons of color 5 and 7

(i) m5n50. Again using the symmetry of Eq.~96c! underk1↔2k2 , e1↔e2, the self-energy of electric gluons of color
5 and 7 can be written as

P55
00~P!52

1

2
g2 Nf E d3k

~2p!3 (
e1 ,e256

~11e1e2 k̂1• k̂2!

3F S ~12n1
0! n2

p01e1
01e2

2
n1

0 ~12n2!

p02e1
02e2

D ~12N1
02N2!1S n1

0 n2

p02e1
01e2

2
~12n1

0! ~12n2!

p01e1
02e2

D ~N1
02N2!G . ~101a!

(ii) m50,n5 i . The (0i )-components are

P55
0i ~P!5

1

2
g2 Nf E d3k

~2p!3 (
e1 ,e256

~e1 k̂1
i 1e2 k̂2

i !

3F S ~12n1
0! n2

p01e1
01e2

2
n1

0 ~12n2!

p02e1
02e2

D ~12N1
02N2!1S n1

0 n2

p02e1
01e2

2
~12n1

0! ~12n2!

p01e1
02e2

D ~N1
02N2!G . ~101b!

(iii) m5 i , n5 j . For the self-energy of magnetic gluons of color 5 and 7 one gets

P55
i j ~P!52

1

2
g2 Nf E d3k

~2p!3 (
e1 ,e256

@d i j ~12e1e2 k̂1• k̂2!1e1e2 ~ k̂1
i k̂2

j 1 k̂1
j k̂2

i !#

3F S ~12n1
0! n2

p01e1
01e2

2
n1

0 ~12n2!

p02e1
02e2

D ~12N1
02N2!1S n1

0 n2

p02e1
01e2

2
~12n1

0! ~12n2!

p01e1
02e2

D ~N1
02N2!G . ~101c!

I. Gluons of color 8

(i) m5n50. For P̃00 one obtains

P̃00~P!52
1

4
g2 NfE d3k

~2p!3 (
e1 ,e256

~11e1e2 k̂1• k̂2!

3F S 1

p01e11e2
2

1

p02e12e2
D ~12N12N2!

e1 e22j1 j21f1 f2

2 e1 e2

1S 1

p02e11e2
2

1

p01e12e2
D ~N12N2!

e1 e21j1 j22f1 f2

2 e1 e2
G . ~102a!

(ii) m50,n5 i . For P̃0i one simply has
034007-14
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P̃0i~P![P11
0i ~P!. ~102b!

(iii) m5 i , n5 j . The magnetic componentsP̃ i j are

P̃ i j ~P!52
1

4
g2 NfE d3k

~2p!3 (
e1 ,e256

@d i j ~12e1e2 k̂1• k̂2!1e1e2~ k̂1
i k̂2

j 1 k̂1
j k̂2

i !#

3F S 1

p01e11e2
2

1

p02e12e2
D ~12N12N2!

e1 e22j1 j22f1 f2

2 e1 e2

1S 1

p02e11e2
2

1

p01e12e2
D ~N12N2!

e1 e21j1 j21f1 f2

2 e1 e2
G . ~102c!
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Equations~99a!–~102c! are the central result of this work
Starting from these equations, one can derive explicit exp
sions for the gluon self-energy in a two-flavor color sup
conductor for arbitraryp0 and p. As a first step, in the re
mainder of this work I compute the color-electric~Debye!
screening mass, as well as the color-magnetic~Meissner!
mass. These are obtained from the gluon self-energy in
static limit, p050, for p→0. Then I compute the self-energ
for p050, but p@f0.

V. DEBYE SCREENING AND MEISSNER EFFECT

In the following, I shall always assume that antipartic
gaps are small,f2.0, and consequently that

ek
2.ek0

2 , nk
2.nk0

2 .1, N~ek
2!.0. ~103!

Therefore, thermal antiparticle occupation numbers and t
derivatives will be neglected. As in the previous section,
different color sectors will be discussed separately.

A. Gluons with colors 1, 2, and 3

(i) m5n50. I show several calculational steps in grea
detail to illustrate the main approximations used through
the following. For p050, p→0, k2→k1[k, and only
particle-particle (e15e2511), or antiparticle-antiparticle
(e15e2521) excitations contribute in the sum overe1 and
e2 in Eq. ~99a!. This is very similar to what happens in th
HDL limit, cf. Sec. III F. Furthermore

e1 e22j1 j22f1 f2

2 e1 e2
→0,

e1 e21j1 j21f1 f2

2 e1 e2
→1.

~104!

In the limit k2→k1 , (N12N2)/(e12e2)→dN/de, and ne-
glecting the variation ofN(ek

2), as discussed above, one o
tains

P11
00~0!.

g2 Nf

2p2 E0

`

dk k2
dN~ek

1!

dek
1

. ~105!

As the thermal occupation number varies appreciably o
close to the Fermi surface, it is permissible to approxim
03400
s-
-

he

ir
e

r
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ly
e

k2.m2, and to restrict thek integration to the region 0<k
<2m. Introducing the variable

j[k2m, ~106!

one obtains with Eq.~52!

P11
00~0!.23 mg

2E
0

m dj

2T

1

cosh2~Aj21f2/2T!
. ~107!

Now change variables toz[j/2T, and remembering thatm
@f;T, send the upper limit of the integral to infinity,

P11
00~0!.23 mg

2E
0

`

dz
1

cosh2Az21~f/2T!2
. ~108!

This expression has two interesting limits. ForT→0, the
integrand becomes zero everywhere, and

T→0: P11
00~0!→0. ~109!

At zero temperature, static, homogeneous electric fields
colors 1, 2, or 3, arenot screened.

The other limit is whenT→Tc , and f→0. Then, as
*0

`dz/cosh2z[1,

T→Tc : P11
00~0!→23 mg

2[P0
00~0!. ~110!

As expected,P11
00(0) approaches the value in the norm

phase, Eq.~53!.
The interpretation of this result is the following. From th

explicit form of the Gell-Mann matrices it is clear that glu
ons of adjoint colors 1, 2, and 3 ‘‘see’’ only quarks wit
fundamental colors 1 and 2. However, atT50, all these
quarks are bound in Cooper pairs to form a condensate
fundamental color ~anti-!3, to which these gluons ar
‘‘blind.’’ Hence, at T50 the color superconductor is tran
parent with respect to these color fields. There is noth
which could screen these fields, thus there is no Debye m
for the gluons of colors 1, 2, or 3. Of course, this holds on
in the limit p050, p→0, because only then are the gluo
unable to resolve the individual quarks~with colors that can
be ‘‘seen’’! inside a Cooper pair.
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When T is nonzero, quasiparticles are thermally excite
and screening sets in. AsT approachesTc , the condensate
melts completely, and all quarks with the right colors
screen gluon fields with colors 1, 2, and 3 are freed. Th
the gluon self-energy approaches its value in the nor
phase.

(ii) m50,n5 i . From Eq.~99b! it is clear that

P11
0i ~0,p![0. ~111!

This is similar to the normal phase in the static lim
Eq. ~56!.

(iii) m5 i , n5 j . As in the HDL limit, the magnetic com
ponents of the gluon self-energy receive contributions
only from particle-particle and antiparticle-antiparticle, b
also from particle-antiparticle excitations. With Eq.~103!
and*dV k̂i k̂ j /(4p)5d i j /3, one obtains from Eq.~99c!

P11
i j ~0!.2d i j

g2 Nf

6p2 E0

`

dk k2H @fk
1#2

2 @ek
1#3

tanhS ek
1

2TD
2

dN~ek
1!

dek
1

j2

@ek
1#2

1
4 @12N~ek

1!# ~12nk
1!

ek
11k1m

2
4 N~ek

1! nk
1

ek
12k2m

2
2

kJ , ~112!

where the last term was added to subtract the~UV-divergent!
vacuum contribution, and wherefk

1[f1(ek
1 ,k).

At zero temperature, and after an integration by pa
(dnk

1/dk52@fk
1#2/2 @ek

1#3),

P11
i j ~0!.d i j

g2 Nf

6p2 E0

`

dk k
4 ek

1

ek
11k1m

nk
1 ~12nk

1!. ~113!

The termnk
1 (12nk

1) is proportional to@fk
1#2. The momen-

tum dependence of the gap function isfk
15f0 sin(ḡ xk)

@5,6#, whereḡ5g/(3A2p) andxk. ln@2bm/(ek
11uju)#, with

j defined in Eq.~106! andb[256p4@2/(Nfg
2)#5/2. The gap

function peaks at the Fermi surface, and is small far aw
from the Fermi surface. Therefore, the regionk>2 m can be
neglected.

In the remaining integral over the region 0<k<2m, take
k.m in the slowly varying factork/(ek

11k1m), and
change the integration variable toj:

P11
i j ~0!.d i j

g2 Nf

6p2 E0

mdj

ek
1

@fk
1#2. ~114!

Inserting the solution of the gap equation~including the mo-
mentum dependence!, and changing the integration variab
to x5 ln@2bm/(ek

11j)#, this integral can be solved analyt
cally. However, it turns out that this is unnecessary, if o
only wants to know the parametric dependence on the
and the QCD coupling constant in weak coupling,g!1. One
03400
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can simply neglect the momentum dependence of the
function, and approximatefk

1 by its value at the Fermi sur
face,f0, to obtain

P11
i j ~0!.d i j mg

2
f0

2

m2
lnS 2 m

f0
D . ~115!

As f0;m exp(2cQCD/g), P11
i j is formally of order;g f0

2 .
To this order, I cannot exclude that there are cancellati
from other terms I have neglected~for instance the antipar
ticle gaps!. To leading order, the result~115! is therefore
consistent withP11

i j (0).0.
Finally, asT→Tc , an integration by parts shows that th

expression~112! approaches the HDL limit, Eq.~61!.

B. Gluons with colors 4 and 6

(i) m5n50. For p050, p→0, and with the approxima-
tions ~103!, Eq. ~100a! becomes

P44
00~0!.2

g2 Nf

2p2 E0

`

dk k2 H 12nk
1

ek
12j

@NF
1~k!2N~ek

1!#

1
nk

1

ek
11j

@12NF
1~k!2N~ek

1!#J . ~116!

At T50, and restricting thek integration to the range 0<k
<2m ~as before, the momentum dependence of the gap fu
tion suppresses any contribution from the regionk>2m),
this can be transformed into

P44
00~0!.23 mg

2E
0

mdj

ek
1 S 11

j2

m2D ek
12j

ek
11j

. ~117!

Neglecting the momentum dependence of the gap funct
the remaining integral can be done introducing the variab

y[ lnS ek
11j

f0
D . ~118!

To leading order, the result is

P44
00~0!.2

3

2
mg

2 . ~119!

The Debye mass~squared! is reduced by a factor 2 as com
pared to the value in the normal phase.

The limit T→Tc cannot be studied with Eq.~116!, and
one has to go back to Eq.~100a!. It is obvious that one will
reproduce the HDL result~53!.

(ii) m50,n5 i . With Eq. ~100b!, and the same approxi
mations as before, one obtains
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P44
0i ~0!.2

g2 Nf

2p2 E0

`

dk k2 E dV

4p
k̂i H 12nk

1

ek
12j

@NF
1~k!

2N~ek
1!#1

nk
1

ek
11j

@12NF
1~k!2N~ek

1!#J [0,

~120!

by symmetry.
(iii) m5 i , n5 j . From Eq.~100c! one derives under the

same approximations

P44
i j ~0!.2d i j

g2 Nf

6p2 E0

`

dk k2

3H 12nk
1

ek
12j

@NF
1~k!2N~ek

1!#

1
nk

1

ek
11j

@12NF
1~k!2N~ek

1!#1
1

k
@12NF

1~k!#

12
12nk

1

ek
11k1m

@12N~ek
1!#

22
nk

1

ek
12k2m

N~ek
1!2

2

kJ , ~121!

where the last term is a vacuum subtraction.
At T50, the integral over the first two terms in the int

grand has already been computed forP44
00(0), with the result

~119!. This is cancelled by a part of the vacuum subtracti
The remainder is

P44
i j ~0!.d i j

g2 Nf

6p2 E0

`

dk
k

ek
1

m ~ek
12j!1@fk

1#2

ek
11j12m

. ~122!

Because the momentum dependence of the gap function
presses the contribution from momenta far from the Fe
surface, the integral can be restricted to the region 0<k
<2 m. To leading order, one may neglect@fk

1#2 in the nu-
merator. @The respective contribution is of orde
f0

2ln(2m/f0).# Then, introduce the integration variablez
5ek

12k1m. Neglecting the momentum dependence of
gap function, as well as terms of order@fk

1#2, one obtains

P44
i j ~0!.d i j

g2 Nf

12p2
m E

0

2m

dz S 12
z

2m D5d i j
mg

2

2
. ~123!

The limit T→Tc is not well-defined for Eq.~121!; using Eq.
~100c! it is, however, straightforward to show thatP44

i j (0)
→P0

i j (0), asexpected.

C. Gluons with color 5 and 7

In the limit p050, p→0, i.e.,k2→k1, it is obvious from
comparing Eqs.~96b! and ~96c! that
03400
.

p-
i

e

P44
mn~0![P55

mn~0!, ~124!

hence, the results from the previous subsection can be ca
over.

D. Gluons with color 8

(i) m5n50. From Eq.~102a! one obtains with the ap
proximations~103!

P̃00~0!.
g2 Nf

2p2 E0

`

dk k2 H dnk
1

dk
@122N~ek

1!#

1
dN~ek

1!

dk
~122nk

1!J . ~125!

The integrand is vanishingly small except close to the Fe
surface. One can therefore restrict thek integration to the
range 0<k<2m. Then, introducingj as integration variable
and using the symmetry of the integrand aroundj50,

P̃00~0!.23 mg
2E

0

m

dj
d

dj F j

ek
1

tanhS ek
1

2TD G , ~126!

where higher order terms (;j2/m2) in the integrand have
been neglected. The remaining integral is unity~remember
that m@T), and the final result is

P̃00~0!.23 mg
2 . ~127!

Note that this result is independent of the temperature. O
concludes that

P88
00~0![

2

3
P0

00~0!1
1

3
P̃00~0![23 mg

2 ~128!

does not change with temperature in the superconduc
phase; it always has the same value as in the normal ph

(ii) m50,n5 i . On account of Eqs.~102b! and ~111!,

P̃0i~0,p!.0. ~129!

Consequently, alsoP88
0i (0).0.

(iii) m5 i , n5 j . For P̃ i j (0) one derives from Eq.~102c!
with the standard approximations

P̃ i j ~0!.2 d i j
g2 Nf

6p2 E0

`

dk k2H 2
dN~ek

1!

dek
1

1
4 @12N~ek

1!# ~12nk
1!

ek
11k1m

2
4 N~ek

1! nk
1

ek
12k2m

2
2

kJ ,

~130!

where the last term is a vacuum subtraction.
At T50, Eq. ~130! becomes twice the integral in Eq

~122!, hence

P̃ i j ~0!.d i j mg
2 . ~131!
7-17
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As a consequence,

P88
i j ~0!.d i j

mg
2

3
. ~132!

As T→Tc , an integration by parts shows thatP̃ i j (0)
→0, as it should be. Consequently, alsoP88

i j (0)→0.
This concludes the discussion of Debye screening and

Meissner effect. In the next section, it will be demonstra
that for momentap@f0, i.e., when the gluon momentum
large enough to resolve the quarks in a Cooper pair,
gluon self-energy approaches the value in the normal ph

VI. NONZERO GLUON MOMENTUM

In this section, the gluon self-energy will be computed
the static limit, but for gluon momentaf0!p!m. In the
condensed matter literature, this limit is known as the P
pard limit @4#. The actual calculation follows closely that fo
ordinary superconductors~see for instance@4#!. It will be
convenient to consider the difference between the self e
gies in the superconducting and normal phases,

dP[P2P0 . ~133!

For large gluon momenta, effects from the pairing
quarks have to vanish, as the gluon wave length is s
enough to resolve individual quarks in a Cooper pair. C
sequently, the Debye mass for gluons of color 1, 2, and 3
no longer vanish, but must approach the value in the nor
phase. Simultaneously, for gluons of color 8 the Meiss
effect has to vanish. These are the two cases studied in
section.

Of course, also the electric and magnetic masses of glu
with colors 4, 5, 6, and 7 have to approach their values in
normal phase. I was, however, not able to derive simple a
lytical expressions for the self-energy of these gluons in
limit f0@p@m. An explicit numerical study will be de-
ferred to the future.

First note that forp!m, k;m,

k1,2.k6
k̂•p

2
. ~134!

This then leads to the same expressions~46a!–~46c! for the
spin traces as in the HDL limit. As in the previous sectio
quasi-antiparticles will be treated as real antiparticles, cf.
~103!. Furthermore, for the sake of notational convenien
let us introduce

j6[j6
k̂•p

2
, e6[ek1,2

1 , f6[f1~e6!,

n6[nk1,2

1 , N6[N~e6!. ~135!

A. Electric gluons of color 1, 2, and 3

Writing N65@12tanh(e6/2T)#/2, the self-energy of
electric gluons of colors 1, 2, and 3 is from Eq.~99a!
03400
he
d

e
e.

-

r-

f
rt
-
n

al
r

his

ns
e
a-
e

,
q.
,

P11
00~0,p!.2

g2 Nf

2 E d3k

~2p!3

3H 1

e11e2
F tanhS e1

2TD1tanhS e2

2TD G
3

1

2 S 12
j1 j21f1 f2

e1 e2
D1

1

e12e2
F tanhS e1

2TD
2tanhS e2

2TD G 1

2 S 11
j1 j21f1 f2

e1 e2
D J , ~136!

where terms of orderp2/k2 have been neglected. The se
energy in the normal phase can be obtained either from
~44!, for p050 and with the approximations~103!, or di-
rectly from Eq.~136! in the limit f6→0:

P0
00~0,p!.2

g2 Nf

2 E d3k

~2p!3

1

j12j2

3F tanhS j1

2TD2tanhS j2

2TD G . ~137!

Now consider the differencedP11
00(0,p) between Eqs.~136!

and ~137!. As the main contribution to the integral overk
comes from the region around the Fermi surface, it is adm
sible to neglect the momentum dependence of the gap fu
tion, f1.f2[f. Then one rearranges the integrand
separate terms of the form

1

j12j2
Fj6

e6
tanhS e6

2TD2tanhS j6

2TD G . ~138!

As argued in@4#, these terms vanish by symmetry when i
tegrating overj. ~A careful analysis shows that this is corre
to leading order inf/p.! The result is

dP11
00~0,p!.2

g2 Nf

2 E d3k

~2p!3

f2

j k̂•p

3F 1

e1
tanhS e1

2TD2
1

e2
tanhS e2

2TD G . ~139!

As the integrand peaks at the Fermi surface,j.0, and for
k̂•p.0, one can approximate the hyperbolic tangents
tanh(e6/2T);tanh(f/2T), and obtains to leading order

dP11
00~0,p!.23 mg

2 f

p
tanhS f

2TD E
0

m/fdx

x E
0

p/2fdy

y

3S 1

A~x1y!211
2

1

A~x2y!211
D , ~140!

where x[j/f, y[ k̂•p/(2f). The y integral can be done
exactly. In the limitm@p@f,
7-18
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dP11
00~0,p!.3 mg

2 f

p
tanhS f

2TD E
0

`

du
2u

sinhu

[3 mg
2 p2

2

f

p
tanhS f

2TD . ~141!

The self-energy in the normal phase is approximately c
stant for momentap!m, such that

P11
00~0,p!.23 mg

2F12
p2

2

f

p
tanhS f

2TD G . ~142!

This shows that the absolute value of the self-energy in
superconducting phase is reduced as compared to the no
phase. For increasingp/f, the correction becomes smalle
such that electric fields for adjoint colors 1, 2, and 3 a
ts

o

03400
-

e
al

e

screened over an only slightly longer distance than in
normal phase. In this case, the gluons ‘‘see’’ the individu
fundamental color charges inside the Cooper pairs.

For decreasingp/f, however, the correction become
larger. This is in agreement with the results of Sec. V, wh
the self-energy of gluons with colors 1, 2, and 3 was found
vanish in the limitp→0, i.e., when the gluon momentum
too small to resolve individual quarks inside a Cooper pa
Although strictly valid only forp@f, by extrapolating Eq.
~142! to p;f one would conclude that, atT50, this hap-
pens oncep is smaller than.5 f0.

B. Magnetic gluons of color 8

For magnetic gluons, one derives from Eq.~102c!
s

rm
P̃ i j ~0,p!.2
g2 Nf

2 E d3k

~2p!3 S k̂i k̂ j H 1

j12j2
Fj1

e1
tanhS e1

2TD2
j2

e2
tanhS e2

2TD G
1

f2

j k̂•p
F 1

e1
tanhS e1

2TD2
1

e2
tanhS e2

2TD G J 1~d i j 2 k̂i k̂ j !
1

2k H 21
j1

e1
tanhS e1

2TD1
j2

e2
tanhS e2

2TD
2

f2

2m F 1

e1
tanhS e1

2TD1
1

e2
tanhS e2

2TD G J D . ~143!

Here, the momentum dependence of the gap function was neglected,f6.f. Moreover, in denominators which contain term
;m2, e6

2 was approximated byj6
2 .

In the normal phase, the corresponding expression reads

P0
i j ~0,p!.2

g2 Nf

2 E d3k

~2p!3 H k̂i k̂ j
1

j12j2
F tanhS j1

2TD2tanhS j2

2TD G1~d i j 2 k̂i k̂ j !
1

2k F21tanhS j1

2TD1tanhS j2

2TD G J .

~144!

In the differencedP̃ i j , there are again terms like Eq.~138!, which vanish by symmetry arguments. There is also a te
;f2/(4mk) which is of higher order and thus can be neglected. The remainder can be written as

dP̃ i j ~0,p!.23 mg
2 f

p E0

m/fdx

x E
0

p/2fdy

y
tanhS f Ay211

2T D S 1

A~x1y!211
2

1

A~x2y!211
D E

0

2pdw

2p
k̂i k̂ j . ~145!
e

her

in

r-
As before, x[j/f, y[ k̂•p/(2f). Since thex integral is
dominated by the region around the Fermi surface,x.0, I
have setx50 in the argument of the hyperbolic tangents.

For iÞ j , the integration over the polar anglew vanishes,
thus dP̃ i j is diagonal. However, not all diagonal elemen
are equal. Letp5(0,0,p). Then k̂x

25@12(2f y/p)2#cos2w,

k̂y
25@12(2f y/p)2#sin2w, and the transverse components

dP̃ i j are

dP̃xx~0,p![dP̃yy~0,p!.mg
2 3p2

4

f

p
tanhS f

2TD .

~146!
f

To obtain this result, I have used the fact that they integra-
tion is dominated by the regiony.0, and consequently hav
set y50 in the hyperbolic tangents as well as ink̂x,y

2 . The
remaining integral is then the same as in Eq.~140!.

The longitudinal component can be shown to be of hig
order inf/p, such that to leading order,

dP̃zz~0,p!.0. ~147!

This result is not unexpected: the self-energy for gluons
the normal phase is transverse,P0

i j (0,p).(d i j

2 p̂i p̂ j ) p2 mg
2/(12m2). @Note that this expressions is of o
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der g2p2!g2m2, and thus not in contradiction to the HD
result~61!.# Equations~146! and~147! now combine to give
a transverse self-energy for the eighth gluon, too,

P88
i j ~0,p!.~d i j 2 p̂i p̂ j ! mg

2 F p2

12m2
1

p2

4

f

p
tanhS f

2TD G .

~148!

VII. SUMMARY, CONCLUSIONS, AND OUTLOOK

In color-superconducting quark matter withNf52 dege-
nerate quark flavors, the condensate can be oriented in
~anti-!3 direction in fundamental color space by means o
global color rotation. Then, only quarks with fundamen
colors 1 and 2 form Cooper pairs, while quarks of the th
fundamental color remain unpaired, and act as a backgro
to neutralize the color-charged condensate. Since the
paired quarks carry the same color charge, two of them ar
the ~repulsive! sextet representation ofSU(3)c . Conse-
quently, they do not form Cooper pairs and the system
stable.

The condensate breaks theSU(3)c color symmetry to
SU(2)c . With the above color choice, the generators of
unbroken SU(2)c subgroup are theSU(3)c generators
T1, T2, andT3, with Ta5la/2 and the standard conventio
for the Gell-Mann matricesla. The gluons corresponding t
the remaining generatorsT4 throughT8 all receive a mass
via the Anderson-Higgs mechanism.

What are the expected values for these masses? Th
fective Lagrangian for the low-energy excitations of the co
densate fields minimally coupled to gauge fields has the
netic term@19#

Leff
kin5ae~D0F!†D0F1am ~DiF!†DiF. ~149!

The presence of a heat and particle bath at nonzeroT and/or
m breaks Lorentz invariance, so that the coefficientae of the
part containing the time derivatives can in principle be d
ferent from the one of the part containing the spatial deri
tives,am.

For a two-flavor color-superconductor,F is an SU(3)c
~anti-!triplet, F[(F1 ,F2 ,F3)T @7#. Consequently, the co
variant derivative isDm5]m2 igAm

a Ta, with the generators
Ta being in the fundamental representation. IfF attains a
non-vanishing expectation valuêF&5(0,0,f0)T, f0PR,
this generates a mass term for the gluon fields of the for

L 1
M5g2 f0

2~aeA0
a Ab

01am Ai
a Aa

i !d3i Ti j
a Tjk

b dk3

[g2 f0
2 F1

4 (
a54

7

~aeA0
a Aa

01am Ai
a Aa

i !

1
1

3
~aeA0

8 A8
01am Ai

8 A8
i !G . ~150!

The expected electric and magnetic gluon masses are
03400
he
a
l

nd
n-
in

is

e

ef-
-
i-

-
-

Me,m
1 5Me,m

2 5Me,m
3 50,

Me,m
4 5Me,m

5 5Me,m
6 5Me,m

7 5Aae,m

2
g f0 ,

Me,m
8 5A2 ae,m

3
g f0, ~151!

such that the ratio

Re,m[S Me,m
8

Me,m
4 D 2

54/3. ~152!

In this work, the gluon self-energy in aNf52 color su-
perconductor has been derived. Due to the pattern of s
metry breaking, one has to study the individual gluon col
separately. The central result are Eqs.~99a!–~102c!. Various
limits of these expressions are of interest. Here, the s
energy was computed in the static, homogeneous limit,p0
50, p→0, which yields the Debye mass for electric and t
Meissner mass for magnetic gluons. The main results
summarized in Table I.

For the three gluons of the unbrokenSU(2)c subgroup
~gluon colors 1, 2, and 3!, the Debye mass as well as th
Meissner mass vanish. While this is in agreement with
~151!, it is at first physically unclear, and therefore qui
surprising, why gluon fields with colors 1, 2, and 3 are n
screened. To explain this, I argued as follows. Gluons w
adjoint colors 1, 2, and 3 couple to fundamental colors 1 a
2. At T50, however, all quarks with these color charges
bound in Cooper pairs which have fundamental co
~anti-!3. Thus, these gluons cannot ‘‘see’’ the quark charg
and hence are unscreened. At nonzeroT, quasiparticles are
thermally excited. They have the ‘‘right’’ fundamental colo
~1 and 2! to screen gluon fields with adjoint colors 1, 2, an
3, and consequently lead to screening and a nonzero De
mass. At T5Tc , when the condensate melts, the Deb
mass assumes its standard value in the normal phase.

Of course, atT50 the gluon self-energy vanishes only
the zero-energy, zero-momentum limit, since then the glu
field cannot resolve individual quarks inside the Cooper p
For large gluon momentump@f0, electric gluon fields are
screened; the self-energy is the same as in the normal ph
up to a correction of order;mg

2 f0 /p, as computed in Sec
VI A.

TABLE I. Results for the Debye and Meissner masses in
two-flavor color superconductor.

Gluon color 2Paa
00(0) Paa

ii (0)
a T50 T>Tc T50 T>Tc

1–3 0 3 mg
2 0 0

4–7 3
2 mg

2 3 mg
2 1

2 mg
2 0

8 3 mg
2 3 mg

2 1
3 mg

2 0
7-20
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The gluons corresponding to the broken generators
SU(3)c all attain a mass through the Anderson-Hig
mechanism. While the Debye mass for electric gluons
color 8 is the same as in the normal phase, the Debye m
squared for colors 4 through 7 is only half as large. AsT
approachesTc , however, the melting of the condensate lea
to an increase of the Debye mass to its standard value
zero temperature, the ratio of the Debye masses square
gluon color 8 and 4 isRe[P88

00(0)/P44
00(0)52.

The Meissner mass squared for gluons of color 8 is 1/3
the gluon mass squared,mg

2 , while that for gluons of colors
4 through 7 is 1/2 of the gluon mass squared. The Meiss
effect vanishes asT approachesTc , or when the gluon mo-
mentump@f0, as computed in Sec. VI B. The ratio of th
Meissner masses squared of gluon color 4 and 8 isRm

[P88
i i (0)/P44

i i (0)52/3.
Both Re andRm differ from the expectation~152!. What is

the origin of this discrepancy? The kinetic term~150! is not
the only possible invariant in an effective Lagrangian, wh
the condensate fields are minimally coupled to the ga
fields. Another possibility is the term@20#

Leff8 5be~F†D0F!†F†D0F1bm ~F†DiF!†F†DiF,
~153!

which has mass dimension six@consequently,be,m have di-
mension~mass! 22#. Note that in the nonlinear version of th
effective theory@21#, where the modulus ofF does not
change, only the phase, this term is identical to the stand
kinetic term~150!.

Upon condensation,̂F&5(0,0,f0)T, the term~153! con-
tributes to the mass of the eighth gluon,

L 2
M5g2 f0

4 1

3
~beA0

8 A8
01bm Ai

8 A8
i !. ~154!

With this term, one reproduces the zero-temperature m
netic masses given in Table I with the choice

am[
mg

2

g2 f0
2

5
Nf

6p2

m2

f0
2

, bm[2
1

2

mg
2

g2 f0
4

52
Nf

12p2

m2

f0
4

.

~155!

Note that the prefactor of the kinetic term~150! has the 1/f0
2

behavior typical for effective theories of superconductiv
@1,4,19#. To reproduce the electric masses, the coefficie
ae andbe have to be chosen as

ae[3 am, be523 bm. ~156!

The expressions~155! and ~156! fix the prefactors of the
kinetic term ~150! and the higher-order term~153! in the
effective low-energy theory of condensate fields coupled
gluons. Up to mass dimension four, the effective theory
anSU(3)c vectorF has, apart from the gauge field part, tw
more terms which are invariant underSU(3)c transforma-
tions @7#: a mass term for the condensate field

Leff
mass5M 2 F†F, ~157!
03400
of

f
ss

s
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and a quartic self interaction

Leff
int5l ~F†F!2. ~158!

Work is in progress to determine the condensate massM
and the coupling constantl @22#.

What is the impact of these results for the solution of t
gap equations? Remember that, after taking into accoun
color and flavor structure, the gap matrix in spinor spa
obeys the gap equation@6#

F1~K !5
3

4
g2

T

V (
Q

FD11
mn~K2Q!2

1

9
D88

mn~K2Q!G
3gm G0

2~Q! F1~Q! G1~Q! gn . ~159!

Previously@5,6,8,12#, the gap equation was solved using t
HDL propagator for bothD11 andD88,

F1~K !5
2

3
g2

T

V (
Q

DHDL
mn ~K2Q!

3gm G0
2~Q! F1~Q! G1~Q! gn , ~160!

whereDHDL
21 [D0

211P0. The integral on the right-hand sid
is dominated by gluons with small momenta,K2Q.0. In
the HDL limit, however, static electric gluons are screen
by the Debye mass,P0

00(0).23 mg
2 , cf. Eq. ~53!. Their

contribution is therefore suppressed as compared to tha
magnetic gluons which are not screened in the static lim
P0

i j (0).0, cf. Eq. ~61!. The dominant contribution to the
gap integral therefore comes from~nearly! static magnetic
gluons. A careful analysis@5,6,8,12# shows that the gluon
energy is not exactly zero, butp0.f0, while the gluon mo-
mentum isp.(mg

2f0)1/3, and thus, in weak coupling, actu
ally much larger thanf0. The coefficientcQCD53p2/A2 is
determined by how many nearly static magnetic modes c
tribute, and by the precise form of the magnetic HDL prop
gator.

As shown in this paper, the gluon propagator in a tw
flavor color superconductor is, at least in the static lim
p050, and for small gluon momenta,p;f0, drastically dif-
ferent from the HDL propagator. For instance, for gluon c
ors 1, 2, and 3, which constitute the main contribution to
gap equation~159!, both magneticandelectric modes remain
unscreened. For gluon color 8, previously unscreened s
magnetic gluons attain a Meissner mass.

In order to assess the effect of these results on the solu
of the gap equation, one needs to solve the gap equation
the full energy and momentum dependence of the glu
propagator in the superconducting phase, to decide wh
energies and momenta constitute the dominant contribu
to the gap integral. If gluon energy and momentum are m
larger than the zero-temperature gap, the impact will
rather small, because, as was shown in Sec. VI, the effec
the superconducting medium is only a small correction
orderO(f0 /p) to the standard HDL propagator. This mig
influence the prefactor of the exponential exp(2cQCD/g), but
not cQCD itself. On the other hand, if the dominant range
7-21
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energies and momenta isp0 , p;f0, the impact could be
large and might even changecQCD. A detailed analysis of
this problem is under investigation@23#.
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